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Abstract 

A deformation of the algebra of diffeomorphisms is constructed for canonically 
deformed spaces with constant deformation parameter 9. The algebraic relations 
remain the same, whereas the comultiplication rule (Leibniz rule) is different from 
the undeformed one. Based on this deformed algebra a covariant tensor calculus is 
constructed and all the concepts like metric, covariant derivatives, curvature and 
torsion can be defined on the deformed space as well. The construction of these 
geometric quantities is presented in detail. This leads to an action invariant un- 
der the deformed diffeomorphism algebra and can be interpreted as a ^-deformed 
Einstein-Hilbert action. The metric or the vierbein field will be the dynamical vari- 
able as they are in the undeformed theory. The action and all relevant quantities 
are expanded up to second order in 9. 
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1 Introduction 



Several arguments are presently used to motivate a deviation from the flat-space con- 
cept at very short distances ^ |2J. Among the new concepts are quantum spaces 
|S1 lU 03 E] They have the advantage that their mathematical structure is well de- 
fined and that, based on this structure, questions on the physical behaviour of these 
systems can be asked. One of the questions is if physics on quantum spaces can be 
formulated by field equations, how they deviate from the usual field equations, and to 
what changes they lead in their physical interpretation. 

Quantum spaces depend on parameters such that for a particular value of these 
parameters they become the usual flat space. Thus, we call them deformed spaces. In 
the same sense we expect a deformation of the field equations and finally a deformation 
of their physical predictions [71 131 131 ITO! HT] . 

Several of these deformations have been studied [121 I13| , They are all based on 
nontrivial commutation relations of the coordinates. This algebraic deformation leads 
to a star product formulation as it is used for deformation quantisation [TH IT^l ITo] . 
In this paper we start from the star product deformation and consider the algebraic 
relations as consequences. We might not have started from the most general realiza- 
tion of the deformed algebra, but certainly from one that is very useful for physical 
interpretation. This way deformed gauge theories have been constructed by the use of 
the Seiberg-Witten map H3 EH HH HOI HH HH |2SI HH Their field content is the same 
as in the undeformed theory, the deformation parameters enter in the deformed field 
equations as coupling constants. 

The question was still open if the gravity theories can be treated the same way 
and has been investigated by several authors HH1 H3 I2H1 123 E01 EH EH ESI Ell 
135} EE! ETJ EHl EHj- We present here a positive answer to this question based on a 
deformed algebra of diffeomorphisms and this way avoiding the concept of general 
coordinate transformations. In this presentation we restrict ourselves to the discussion 
of the canonical quantum space with 9^ v constant. The construction is now not based 
on Seiberg-Witten maps. In a forthcoming paper we shall show how this can be 
generalized to rr-dependent 9^ v . 

By outlining the content of the individual sections we will show the strategy by 
which a deformed gravity theory can be constructed. 

In section 2 we give a short introduction to the ^-deformed quantum algebra defined 
by the Moyal-Weyl product. Emphasis is on those concepts that shall be used in the 
rest of the paper. More detailed features of this algebra can be found in the literature 
and we give some relevant references. 

In section 3 the concept of derivatives is introduced. It turns out that there is 
a natural way to define a derivative on the quantum algebra. We investigate these 
derivatives as elements of a Hopf algebra and find that the usual derivatives and the 
derivatives on the quantum space represent the same Hopf algebra. 

We also generalize the derivatives to higher order differential operators and define 
algebras of higher order differential operators both acting on differential manifolds and 
acting on the deformed space. A map from the algebra of functions on the differential 
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manifold to the algebra of functions on the deformed space is constructed. This map 
will be the basis for the representation of the diffeomorphism algebra by an algebra of 
higher order differential operators acting on the deformed space. 

In section 4 we study the algebra generated by vector fields and exhibit its Hopf 
algebra structure. It is the algebra of diffeomorphisms derived from general coordinate 
transformations. Scalar, vector, and tensor fields are representations of this algebra. 

In section 5 we construct a morphism between the classical algebra of diffeomor- 
phisms and an algebra acting on the deformed space. At first, this is an algebra 
morphism but not a Hopf algebra morphism. To find a comultiplication rule we derive 
the Leibniz rule for the deformed algebra and show that it can be obtained from an ab- 
stract comultiplication which we construct explicitly to all orders in 9. Thus, we have 
constructed a new Hopf algebra of diffeomorphisms as a deformation of the classical 
one. A deformed gravity theory will now be investigated as a theory covariant under 
this deformed Hopf algebra. 

In section 6 we restrict the formalism developed so far to vector fields linear in 
the coordinates. They form a subalgebra. The Lorentz algebra can be obtained in 
that way and we find a representation of the Lorentz algebra by differential operators 
that act on the deformed space. The comultiplication rule follows from the general 
formalism and shows that the derivatives have to be part of the algebra. This way we 
have found a representation of the Poincare algebra with nontrivial comultiplication 
rule. A tensor calculus of fields is developed for this algebra and invariant actions are 
constructed. All the operations in the definition of the Lagrangian — derivatives and 
multiplication — are in the deformed algebra. Field equations can be obtained that 
are Lorentz covariant. This by itself is an interesting result but it also serves as a 
guideline for the construction of a general theory on the deformed space. 

In section 7 we show that all the concepts of differential geometry like tensor fields, 
covariant derivatives, connection and curvature can be obtained by a map from the 
usual commutative space to the deformed space. The relevant formulas are calculated 
explicitly. 

In section 8 and 9 we turn to a metric space. We define the metric as a symmetric 
and real tensor that coincides with g^ v in the limit 9^0. All other geometrical 
quantities are constructed in terms of this metric. Finally, we use the curvature scalar 
expressed in terms of g^ u to construct a Lagrangian for a deformed gravity theory. 

In section 10 we expand all these quantities up to second order in 9. The action 
obtained this way can be used to calculate some effects of the deformation. The 
deformation parameter 9 enters as a coupling constant as it is familiar from gauge 
theory. 

This way it is possible to study deviations from the undeformed classical gravity 
due to space-time noncommutativity. The strategy developed here can be generalized 
to other ^-products which then lead to other algebraic structures of space-time. 
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2 ^-deformed coordinate algebra 



A simple example of a noncommutative coordinate algebra is the ^-deformed or canon- 
ical quantum algebra Aq ■ It is based on the relations [H3 1^ 

[&*,£"] =i0i», (2.1) 

with 6^ v constant and real. 

This algebra can be realized on the linear space T of complex functions fix) of 
commuting variables: The elements of the algebra Ag are represented by functions 
of the commuting variables f(x), their product by the Moyal-Weyl star-product (*- 

product) daim 

f*g(x) =e^ 6P ^f(x)g(y) . (2.2) 

This ^-product of two functions is a function again. The ^-product defines the as- 
sociative but noncommutative algebra Ag. By taking the usual pointwise product of 
two functions we obtain the usual algebra of functions. This algebra is associative and 
commutative. We shall call it Af. Note that we write f(x) for elements of Af as well 
as for elements of Ag. 

As far as complex conjugation is concerned we observe that the ^-product of two 
real functions is not real again. Denoting the complex conjugate of / by / we find 
from definition (|2.2|) 

7^g = g*f- (2.3) 

Prom definition ()2.2|) it also follows that 

a? * a? - x u * a? = ie*" . (2.4) 

These are the defining relations for the generators of the algebra Aq. Any element of 
the space of ordinary functions represents an element of Ag; there is an invertible map 

<t) mi 

<p : T — > Aq. (2.5) 

If we know the elements that are represented by the functions / and g we can ask 
how the pointwise product of two functions / • g is represented in Ag by ^-products of 
/ and g and their derivatives. First an example 

i".!^/*/-^. (2.6) 

This follows from (|2.2[) . The pointwise product x^ ■ x v as an element of Ag represents 
the sum of two elements of Ag modulo the relations (|2.4j) . In general / • g will represent 
a sum of ^-products of /, g and their derivatives 



n=0 
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This is a well defined formula because the derivatives of functions are functions again 
and we know how to ^-multiply them. Applied to x^x u the equation 1)2.7)1 reproduces 
1)2. 6)1 . The operations on the right hand side of 1)2,7)1 are all in Ag. To prove 1)2.7)1 we 
use the ^-product in the form that makes use of the tensor product of the vector spaces 
T 

f^g = ^{e^ 9 ^f0g}. (2.8) 
The bilinear map fi maps the tensor product to the space of functions 

/i : T <g) T — > T 

»{f®9}^f-9- (2.9) 

We now use the obvious equation 

f. g = M{e i^a p ®a CTe -i^a p ®9 CT f g} (2 10) 

The first exponent will produce ^-products, the second one the sum of terms in 1)2 . 7 j) . 
On the other hand, equation 1)2.2(1 expresses the ^-product / * g in terms of pointwise 
products of / and g and their derivatives. All these operations are in Af. 



3 Derivatives on Aq 

Derivatives on quantum spaces were constructed in |44( I45j . There is, however, a 
natural way to introduce derivatives on Aq based on the ^-product formulation. We 
know that the derivative of a function / € T is a function again. This function can be 
mapped to Aq, the image we call the ^-derivative of / € Ag 

f€? i ► / e Ae 



(3.1) 



This defines <9* acting on / G .4.0 

9*>/:=(^/). (3.2) 

Now we discuss a few properties of the ★-derivatives. From the definition 1)3.2)1 
follows 

d;>xP = 8P, (3.3) 

a property that we demand for a reasonable definition of a derivative. As the ^-product 
of two functions is a function again we can use the definition 1)3.2)1 to differentiate f*g 

dt>tf*g) = (d li (f*g)). (3.4) 
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For the ★-product with x-independent 6 it follows from (\'2.'2\i that 

(d li (f*g)) = (.d li f)*g + f*(d li g). (3.5) 

Using (|3.2[) we obtain 

d;>(f*g) = (d;>f)*g+f*(d;> g ). (3.6) 

In this equation all operations, derivative and product, are within A$. We have ex- 
pressed the ^-derivative acting on a ^-product by the ^-product of ^-derivatives. 
Applying this rule to ()2.4|) we find 

d* > (\x p * x a ] - i6 pa ^ = 0. (3.7) 

This confirms that the derivative ()3.2|) is a well defined map on Aq. Moreover, from 
(l3~2l follows 

d;>(dt>f) = (d fl d u f) (3.8) 

and therefore 

d;»(d;»f) = d;»(d;»f). (3.9) 

The action of ^-derivatives on a function is commutative. 

Derivatives were defined by their action on functions but they can be seen as 
differential operators as well because equation ()3.6j) holds for any function g. Thus, it 
gives rise to the operator equation 

^*/ = (^>/) + /*^- (3-io) 

We use the * when the derivative is meant to be an operator. As for ordinary deriva- 
tives, we can also use the bracket notation if the derivatives act on a function. To 
emphasize that the action is meant we also use the triangle notation 

(%*f) = $>f- (3-H) 
Taking for / the coordinate x p we obtain from Q3.1U[) 

[d;*x p ]=6 p . (3.12) 
Analogously to equation ()3.7|) we get 

d* * (V * x a ] - i0 pa \ = (\x p * x a ] - i9 pa ^j * d*. (3.13) 

Equation (|3.9|) . valid for any function g, leads to the commutativity of ^-derivative 
operators 

[0;idt}=0. (3.14) 
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The derivatives, as maps on the algebra Ag have a Hopf algebra structure HH1 1371 
48 . This implies the following properties: The derivatives generate an algebra with 
defining relation ()3.14j) . The coproduct is defined as follows 

A(a;) = a;®i + i®3;. (3.15) 

It is compatible with the algebra 

[A(a*)*A(3*)] = 0. (3.16) 

The coassociativity 

(A®id)oA = (id<g)A)oA (3.17) 
can be verified explicitly. When we apply (|3.17l) to d* we obtain 

((A tg> id) o A) (3*) = (A g> id)(3* ® 1 + 1 ® d*) 

= {d* g> 1 + 1 <g> 9*) ® id + id g> id ® 9*. (3.18) 

That (id ® A) o A gives the same result can be easily seen. To define a Hopf algebra 
we still need a counit and an antipode. They are given by 

£ (s*) = o, s(d$ = -a;. (3.19) 

The Leibniz rule ()3.6|) can be obtained by applying the bilinear map <8> 5} = /*# 
to the coproduct 

MA(^>/89) = M(fl£*/)®0 + /®(S£*<7)} 

= (S* >/)*<? + /* (5* ><?) (3-20) 

The usual derivatives <9^ and ^-derivatives 9* are representations of the same Hopf 
algebra. 

We are going to discuss the algebra of higher order differential operators. Acting 
on Af, elements of this algebra are 

D = Y J d^{x)d lix ...d IXr . (3.21) 

r 

Acting on Ag, the elements are 

D* = ^d^(x)d; i ...dl (3.22) 

r 

where the coefficient function cP 1 ■ /ir (x) has to be considered as an element of Ag. The 
multiplication of the operators D is standard. The multiplication of ★-operators can be 
defined if we consider the algebra Ag extended by the derivatives. It is always possible 
to write such a product in the form as in (|3.22jl with all derivatives on the right by 
using the operator equation following from the Leibniz rule. This multiplication can 
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essentially be obtained by replacing the product of the coefficient functions by the 
★-product. 

The operator D can be mapped to operators acting on Ag. To construct such a 
map we reexamine the pointwise product of two functions ()2.7[) in the light of higher 
order differential operators 

f-g = X}>g = (X}*g), (3.23) 

where 

OO -. 

* — > 1 / 1 \ n 

X f = E ^ ( - 2 ) 6Piai ■ ■ ■ ° Pnan ^ •• ^ - d ° n ■ ( 3 - 24 ) 

n=0 

This can easily be generalized to the action of differential operators on g 

(Dg)=X* D >g, (3.25) 

where 

X D = E ~i (" 2) ° Piai ■ ■ ■ 9Pnan ^ ■ ■ ■ dpnd^ix))^ . . . dtj;, ...d; r . (3.26) 

71=0 

Now we define a map 

/ - X} 

D ^ X* D . (3.27) 

This map is actually an algebra map if the multiplications of differential operators are 
defined as above after ()3.22j) . From (|3.25|) follows 

(D-D'g) = (X* D *X* D ,)>g. (3.28) 

This is true for any function g and thus the map Q3.27JI can be interpreted as a morphism 
of algebras. 



4 Diffeomorphisms 

We will develop a formalism by which the algebra of diffeomorphisms acting on Af 
can be mapped to an algebra of ^-differential operators acting on Ag. 

Let us first recall the concept of diffeomorphisms as a Hopf algebra. They are 
generated by vector fields acting on a differential manifold. The vector fields are 
defined as follows 

The commutator of two vector fields £, rj is again a vector field: 

xr/, (4.2) 
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where the vector field £ x r\ is given by 

?xt, = (^)-ew))^ ( 4 - 3 ) 

From the Leibniz rule for derivatives follows the Leibniz rule for vector fields 

(£(/•<?)) = (£/)• <? + /■(&?)• (4.4) 

This Leibniz rule follows from an abstract comultiplication rule that defines the action 
of a vector field on a tensor product 

A(f) = £®l + 1®£ (4.5) 

It can be verified with (|4.2j) that the comultiplication Q4.5JI and the algebraic relation 
are compatible without making use of £ represented as a differential operator 

[A(0,Afa)]=A(£x»7). (4.6) 

This defines a bialgebra. With the counit and the antipode 

e(0 = 0, 5(0 = -£ (4.7) 

it becomes a Hopf algebra. Here £ and 77 need to be treated as abstract objects. Their 
product £77 is to be viewed as an abstract product modulo the relation £77 — 7?£ = £ x 77 1 . 

Diffeomorphisms are intimately connected with general coordinate transformations 
defined as follows 

x» ^x'» = x> 1 + e(x) (4.8) 

with infinitesimal £^(x). 

A scalar field is defined to transform under general coordinate transformations as 
follows 

0V) = <j>{x). 
For infinitesimal transformations (|4,8[) this becomes 

Stfix) = <f>'(x) - 4>(x) = -e(d^(x)) = -(£<Kx)). (4.9) 
Similarly we define covariant vector fields 

= -e(d P V^) - (d^ p )V P (4.10) 

and contravariant vector fields 

S^V = -e(d P V^) + {d p e)V p . (4.11) 

1 In other words, we are considering the universal enveloping algebra freely generated by elements 
£, r\ modulo the relation £77 — r]£ = £ x 77. 
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This can be easily generalized to tensor fields with an arbitrary number of covariant 
and contravariant indices. 

These transformations represent the algebra of diffeomorphisms (|4.2jl 

[Mt,] = <W ( 4 - 12 ) 

with the coproduct 

A<5 € = ® 1 + 1 <g> (4.13) 

As a consequence of (|4.13j) the product of two vector fields transforms like a tensor 
field of second rank 

6t(V li V u ) = f i{A(5t)V li ®V u } = m{(TO®K + V^®(<W} (4-14) 

= -t*d p {vM - (d^)(y p v v ) - (d u e)(v»v p ). 

This can easily be extended to the product of arbitrary tensor fields. 

We summarize the Hopf algebra structure of general coordinate transformations 

[S^,S V ] = 5^ xr] , e(5{) = 0, S(8z) = -<%, 
A5/: = <5 5 <g> 1 + 1 ® [A(<%), A(<5„)] = A(<S fx „). (4.15) 

This is true for any realization of 5^ on arbitrary tensor fields. It is a property of the 
abstract Hopf algebra and not of a particular representation as differential operator. 

5 Diffeomorphism algebra on Aq 

We know how to map the algebra of higher order classical differential operators acting 
on Af into the corresponding algebra acting on Aq. The relevant formulas are Q3.24JI 
and ipOnj) . 

In the same way, the action of a vector field 

(5.i) 

can be mapped to a higher order differential operator acting on Ae 

(£•/) = *£>/■ (5-2) 

From (|3.28|) then follows 

[X|?X*]=X| Xr? . (5.3) 

The operators X£ represent the algebra of vector fields. To obtain a Leibniz rule on 
Ae we apply the operator X£ to the ^-product of two functions 

X? >(/*<?) = (£(/*<?))■ (5-4) 
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To get a better understanding we calculate the right hand side of (|5.4jl to first order 
in 9 explicitly 



W*9)) = (t(fg + \e^{d p f){d ag ))) 



{U)9 + /(&) + ^0 pa mf)(d a g) + {d p f){id a g) )+.... (5.5) 



We have to express the right hand side entirely in terms of operations on Ag 

(S(f*g)) = (£/)*</ + /*(£<?) 

- l -e"°((d p (ed,f))(d a g) + (d p f)(d a (ed,g)) 
+ l f pa ((e(d»d p f))(d a g) + (d p f)(e(d,d a g)) )+.... (5.6) 
Up to first order in 9 this is identical to |49| 
Xt>(f*9) = (Xt*f)*g + f*(X{*g) 

-^{[dp^eKdMd^g) + {d p f)[d a} e\(d,g)\ 
= (X**f)*g + f*(X**g) (5.7) 

- V ct (([5* * xi\ * /) * {d* * g ) + (a; */)*([#* x$ * 9 j) . 

This Leibniz rule follows from an abstract comultiplication rule which reads up to first 
order in 9 

A(X|)(/ ®g) = (X$*f)®g + f* (X| ® g) 

—90° ((X* ^ * /) <g> (d* *g) + (d; * /) ® (Xf d ^ * g)) . (5.8) 

This comultiplication rule differs from the one we obtained for the classical diffeomor- 
phisms. These two Hopf algebras are different although they are the same on the 
algebra level. 

The Leibniz rule (|5.7|) can be calculated to all orders in 9, the result is 



X| >(/*<?) = H*{e-*°" °^ a ° [XI ® 1 + 1 ® X|)e^ > (/® <?)}. (5.9) 

The map /x* was defined in Q3.2U|) . Expanding (|5.9|) to first order in 9 we obtain ()5.7j) . In 
(|5.9|) appear ^-commutators of ^-derivatives and the operator X|\ A short calculation 
using the explicit expression for X| given in (|3.26|) yields the following equation: 

[a; ® * xi ® i] = [a* * x|] ® 9* = x^ e) ® (5.io) 
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Applying this equation inductively we find an expression where the exponential 
functions in (|5,9|) are expanded to all orders 

X%>(f*g) = (X{>f)*g + f*(X£>g) 

oo _. 
n=l 

+(^ 1 ---^„/)*(^(V-^ n 0>5))- (5-11) 

Note that (d p ^) and all higher order derivatives of £ are vector fields again. 
We outline the calculation leading to (|5.9|) and start from (|5.4j) 

(e(/*5))=^{e^ a "^/^ 5 }. (5-12) 
To commute £ with we use 

£m = ® 1 + 1 <8> £}, (5.13) 

which can be verified directly by applying it to the tensor product of two functions. 
We obtain from (|5.12|) 

(£(/*</)) = + 

E ^ ( - 2) 0P1<T1 • • • ^ • • • ^ /} ® ( ^ • • • ^ )} - (5 - 14) 

n 

Next we use the fact that £ applied to derivatives of a function can be mapped to Aq 
as in Q5.2JI because derivatives of functions are functions again. This way we express 
everything in terms of operators defined on Aq. Now we follow the step outlined in 
(j5.7j) and obtain the result (|5.9|) . 

Let us summarize the Hopf algebra structure of the diffeomorphism algebra on Aq: 
For an element / of Aq we define the transformation 

5^f = -XI > / = y. (5.15) 

This can be used to define 5^ as an abstract element of an algebra independent of its 
representation as a differential operator. From ()5.3|) the defining relation of the algebra 
follows 

[S^S V ] = 5g )T) ] = <% XJ7 , (5.16) 

where £ and rj are vector fields and [£, 77] their commutator. The comultiplication from 
which the Leibniz rule (|5.9j) follows is 2 

A(«%) = er¥"^>^ ^ ® 1 + 1 ® l^ eP ° d > d °. (5.17) 
2 The derivative d* can be considered as a variation fe p = —d* in the direction of d p . 
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Here the ★-commutator of a ^-derivative and 5^ is given by 

[d* p *6t] = 6 m) . (5.18) 

This is the abstract version of (|5.1U|) . We show that the above comultiplication is 
compatible with the algebra 

[A(4), A(^)] = [e"5 ""WSft ® 1 + 1 ® 4), ft ® 1 + 1 ® ^Jes"^®^] 

= e-i*-*** (%x, ® 1 + 1 ® «€x,)e4^*« = A(^j). (5.19) 

Coassociativity can be shown as well, counit and antipode can be defined. 

Thus, we have obtained a Hopf algebra with the same algebraic relations as for the 
ordinary diffeomorphism algebra, but the comultiplication is different. 

For later use we expand the comultiplication 1)5.17}) to first order in 6 

Aft) = ^ ® 1 + 1 ® - V CT ([d*ft] ® 5* + 5* ® [d*ft]) 

= ^ 1 + 1 ® St - % -e<*> (S m) ® d* + a* ® * (ftr0 ) . (5.20) 

6 Poincare algebra 

The classical vector fields (|5.1|) . when linear in x, form a subalgebra of the algebra of 
diffeomorphisms 

where [u>,u/] is the commutator of the matrices u. The corresponding operators X* 
are 

^=^X-><^' ( 6 - 2 ) 
Since £ w is linear in x this is already the exact expression to all orders in 9. The higher 
order differential operators X* satisfy the same algebra as the vector fields £ w : 

K?^]=^T (6-3) 

The transformation defined in 1)5. 1 5 j) becomes 

Lf = ~X*>f = -(^-f). (6.4) 

These transformations together with the derivatives form a Hopf algebra, the relevant 
algebraic relations follow from (|5.16|) and (|5.17|) and the respective formulas for the 
derivatives. 
Algebra: 

[fl£,fi£] =o, 

[l,a* p ] =<a; t , (6.5) 
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Comultiplication: 

as u = s u ® i + 1 ® L - l -e pa ([d;, 4] ® 9* + a* ® [a*, 4]) • (6.6) 

This comultiplication mixes the 8^ transformations and the derivatives. The transfor- 
mations (|6.4[) do not form a Hopf algebra by themselves. 

We can choose matrices u that represent the Lorentz algebra 

[M pa , M kX ] = r] px M aK + jf K M pX - 7] pK M aX - 7] aX M pfi . (6.7) 

With derivatives representing the translations we have obtained a Hopf algebra version 
of the Poincare algebra [5U1 03 EH EI3 EU EH • The comultiplication is nontrivially 
deformed. 

The algebra (|6.5|) and (|6.6f) can also be represented by tensor or spinor fields. Let 
ipA be a representation of the Lorentz algebra 

= <(M/)iV B , (6.8) 

where {M^f)^ as a matrix with indices j4, B represents the Lorentz algebra (|6.7j) . The 
transformation can be defined by the "field transformations" 

5 u j>A = -K > 1>A + <(M/)/^ B . (6.9) 

With ()6.9j) we have established a Poincare covariant tensor calculus on Aq. The 
new comultiplication guarantees that the ^-product of tensor fields transforms as a 
tensor. 

Now we can construct Poincare covariant Lagrangians. As an example we discuss 
a scalar field. Let <p be a classical scalar field 

<W = -(&0). (6-10) 

The transformation law can be mapped to Aq and we can consider cj> as an element 
(field) in Aq with the transformation law 

6 UJ <I> = -X*><t>. (6.11) 

The ^-derivative of a scalar field will transform like a vector field 

Uo; > 0) = -x* > (a; > ^) - > (a* > <t>). (6.12) 

Thus, the Lagrangian 

£ = ^(d;<P) * (d*»<t>) - — <f>*<f>-\<l> *</>*<!> (6.13) 

is covariant 

= -X? > C = -&(d x £). (6.14) 
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It can be expanded in 9 and to second order we obtain 

1 2 i 

£ = 2(^(^0) - - A0 3 - -e^e^(d p d a a^)(d a d^ci>) 

+^OP°ff#{d p d a <l>){d a dp<l>) + ^XB^r^idM^dp^). (6.15) 

Note that a classical transformation of the fields in (|6.15|) will only reproduce Q6.14JI 
if 9 is transformed as well. Due to the comultiplication rule ()6.6j) we don't have to 
transform 9 to obtain an invariant action. 

To construct an invariant action we define the integration on Ag as the usual 
integration. This integral has the cyclic property 

J d n x<P* X = J d n x X *<P = J d n x<p X , (6.16) 
which follows by partial integration. The action 

S = I d n x C 



is invariant if C transforms like (|6.14|) . 

To derive the equations of motion we vary the action with respect to the field <fi. We 
use the undeformed Leibniz rule for this functional variation and we can use property 
(j6.16|) to cycle the varied field to the very right (or left) of the integrand. For the 
Lagrangian (|6.1H|) we obtain 

= J d n x 5^(x) * ( - 2^3*0) - 2^-</> - 3A0 * <p) . (6.17) 

This leads to the field equations 

{d^d^cp) + m 2 (j) + 3A0 * = 0. (6.18) 

If we expand Q6.18JI in 9 we obtain to second order in 9 the same field equation as from 
the variation of the action corresponding to the Lagrangian (|6.15j) 



S 



d n x (\(d^)(d^) - - A</> 3 + IxO^O^ttdpdaMdvdtf)) . (6.19) 



Some partial integration is necessary. This example will guide us by the construction 
of a gravity action. 
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7 Differential geometry on Ae 



Gravity theories in general rely on general coordinate transformations which are hard 
to generalize to noncommutative spaces. The important concept however, on which 
the gravity theories are based, is the algebra of diffeomorphisms. General relativity 
can be seen as a theory covariant under diffeomorphisms. We have learned how to 
deform the diffeomorphism algebra, thus we can construct a deformed gravity theory 
as a theory covariant under deformed diffeomorphisms. 

In section 5 we realized the algebra of vector fields on A / on the noncommutative 
space Ag. We now develop a tensor calculus for the deformed algebra in analogy to 
the tensor calculus of the deformed Poincare algebra. 

We define the transformation law of a scalar field 



= -X|></>, (7.1) 
of a covariant vector field 

= -XI > V„ - X^ p) > V p , (7.2) 

of a contravariant vector field 

5zV» = -XI > V» + X* mit) > V p , (7.3) 
and of a general tensor field 

Lt£" m J = -Xi > T£-Z - Xf B m > T^- u Ur - . . . - Xf B m > T V U \- V J 

The operators X| and X* g ^ follow from l|M.2fi|) 

oo 1 

x i = E n\ ( " \) n0P1U1 ■ ■ ■ 6Pnan {dpi -m*^- °k 

n=0 
oo 1 

= E n\ ( " IT 0/31(71 ■ ■ ■ ePnan ^ ■ ■ ■ d ^ * ^ • • • d ^ ( 7 - 5 ) 

n=0 

oo 

= E^(-|) ^•■•^(^•••^a*^ 1 ...^ n . (7.6) 

71=0 



The Leibniz rule that follows from (|5.17|) can be defined for the action of 5^ on the 
★-product of any of these fields 

ljrpVl...V r ,rp(3 l ...p t \ 

°i \ x iii-lh> ± a l ...a a ) 

= ^{e-i^W (s, ® 1 + 1 ® J € ) e ^ W > (7-;;- 8 zfc*)}. (7.7) 
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This definition of the comultiplication ensures that the ^-product T^;;;J£ * Tal'.'.'.a a 

transforms like the tensor field T^lZ^ r Jai'.'.M S ■ 
Examples: 

The ^-product of two scalar fields is a scalar field again 

^(0* V) = Me~5 97 ^> 9 *(<% + 5^ eP ° a > 9 ° > (0 <g> V)} 

= -X| V)- (7-8) 

The proof is the same as for the equation Q5.9JI . 

Repeating the same calculation one finds that the ^-product of a scalar field and a 
vector field is a vector field 

W * V*) = ~ x t > * *W " > (0 * ^.). (7-9) 

and the ^-product of two vector fields is a tensor field 

to * = -x| > (v M * k) - x ( *^ p) > (v p * k) - > * vg. (7.io) 

The contraction of two indices is respected by the transformation law as well: 

-to * V>1 ) = Me~^ P<T9p ^ CT (^ ® 1 + 1 ® S^ei^ 59 ^^ V)} 

= -Xj[>(V li *V' 1 ). (7.11) 

Similar statements are true for the ^-product of arbitrary tensors. This is the basic 
concept of a covariant tensor calculus. Only the derivatives have to be generalized to 
covariant derivatives by demanding that the covariant derivative itself transforms like 
a covariant vector 

kD»V v = -XI > (DpVv) - X^ p) > (D p V v ) - X^ p) > {D^Vp). (7.12) 

This can be achieved by introducing a connection and defining the covariant deriva- 
tive as 

DpVv := d; >V V - * V a . (7.13) 

The transformation law of the connection follows from (|7.12j) if we use the comultipli- 
cation (|5.17|) 

= -xi > r« u - x^ CP) > rj, - > r^ p + > i*, _ (7.u) 

The covariant derivative of a tensor field can be obtained by the same procedure as in 
the undeformed case, too 

jj rpV\...V r rpV\...V r _ -pQ rpV\...V r _ _F a ,rpV\...V r 

1J X- L fii—tip U X ^ - L m...fM p L Xfii x ± a...^L p ••• L \/J, p ~* A Hi...Ct 

* + . . . + r& * T^;- . (7.15) 

Curvature and torsion are obtained in a complete analogy to the undeformed formalism 
[Dp * D v ] *V P = R^f * y CT + 2^° * D Q V p . (7.16) 
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Using Q7.13|) one finds 

R^iup 7 = 9* > r pp — d* > + r^ p * - r^ p * r^, (7.17) 
V = r^-r£„. (7.18) 

For a connection symmetric in and v the torsion vanishes. 

8 Metric and Christoffel symbols 

Classically, the metric is a symmetric tensor of rank two 

ka^u = -e(d P g^) - m p )g P v - (£W P )<W- (8.1) 

This can be mapped to A$ by defining G^ IU as a symmetric tensor of rank two in Aq 
<%G>2, = —X^ > G^v — X*q^ p ^ > G pu — X* Qv ^ > G w , (8-2) 
with the condition that 

Gn U = 9uw (8-3) 
e=o 

A natural choice for G^ would be g^ u itself. It has the right transformation properties 
and is ^-independent. 

We can also start from four vector fields E^ where \i is the vector index and a 
numbers the four vector fields. These vector fields can be chosen to be real. The metric 
can be defined as follows 

= i (e° * E u b + E u a * E^ Vab , (8.4) 

where r)^ is the x-independent symetric metric of flat Minkowski space. With the 
appropriate comultiplication G^ is a tensor of second rank. It is symetric by con- 
struction and real since E® are real vector fields. To meet condition (|8.3|) we take 
the classical vierbein e^ a for E^ a . Now G^ v is ^-dependent. The metric G^ v and its 
inverse can be used to raise and lower indices. 

In Aq we have to construct the ^-inverse of G^ v which we denote by G^"* 

G^*G u p* = 5P. (8.5) 

The inverse metric G^ u * is supposed to be a tensor but not a differential operator. To 
show how such a tensor can be found we first invert a function / £ Aq. As an element 
of Af, f is supposed to have an inverse f~ l 

f-r^i. (s.e) 

We want to find an inverse of / in A$, we denote it by 

/ * /-!* = !. (8.7) 
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Obviously / 1 * will be different from / . For its construction we use the geometric 
series. We first invert the element 

f + f- 1 = 1 + 0(0), (8.8) 

oo 

= El 1 -/*/" 1 )"- ( 8 - 9 ) 

n=0 

The -k on the n-th power of 1 — / * / _1 indicates that all the products are ^-products 
and therefore (|8.9|) is an expansion in Ag. Because of ()8.8(l it is also an expansion in 

(i-f*r 1 ) n = o(e n ). (8.10) 

From 

(/*r 1 )*(/*r 1 r 1 * = i (s-n) 

and the associativity of the ^-product follows 

r^rM/^r'r 1 *- (8.12) 

The ^-inverse of / * f~ l has already been calculated as a power series in (|8.9|) . Ex- 
panding the series (|8.9|) we obtain the following equality which holds up to first order 
in 9 

r 1 * = r' + rMi-/*/ -1 ) 

= 2/-1-/-1* /*/-!, (8.13) 

respectively 

/-i* = 3/- 1 - 3/- 1 */ * /- 1 + /- 1 */*/-**/ * r\ (8.14) 

which is valid up to second order in 0. If / transforms classicaly as a scalar field, / _1 
will transform as a scalar field as well. With the proper comultiplication f" 1 * will also 
be a scalar field. 

The same method can be used to find G^ u * 

G^*G»"* = 6P. (8.15) 

We first invert the matrix 

G„ v * G vp = (G* G- V =SP + O(0) 

oo 

[G + G- 1 )- 1 * = ^(l-G^G- 1 )^. (8.16) 

ra=0 
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Here we introduced G vp as the inverse of G^ u in Af, 

G/j,u ■ G vp = 5 P . 

For Gfj, u = g^p, G pv will be g pu . For G^ u ^-dependent G^ v can be computed by a 
^-expansion, starting from g^ v as the ^-independent part. In analogy to 1)8.12(1 we 
obtain 

G" u * = G»P * (G * G' 1 )- 1 * p '. (8.17) 
When we expand the series 6 we get 

GT* = 2G^ - G pa * G a/3 * G Pu , (8.18) 

which holds up to first order in 9. Note that G^ v * is not a symmetric tensor. 

Using the proper coproduct and the fact that G^ v transforms like a contravariant 
tensor of second rank we conclude that G pv * is a tensor of second rank as well 

^ G r* = _ x * > G pv* + xf Mn > G pu * + X* mv) > G pp \ (8.19) 

If we demand that the covariant derivative of the metric vanishes, we can express 
the symmetric part of the connection entirely in terms of the metric and its derivatives. 
This is also true in the ^-deformed case. 

We shall now assume that the connection is symmetric 

= r^, (8.20) 

and when expressed in terms of G^ we shall call it Christoffel symbol. 
We demand that the covariant derivative of G^ u vanishes 

D a G M = £>* > Gp 1 - I*, * G n - Y p ai * Gj3 p = 0. (8.21) 

From there we proceed as in the classical case. We permute the indices in (|8.21j) 
assuming from the very beginning that G^ v is symmetric and add the corresponding 
equations to obtain 

2 Kp * g pi = d > G Pi + 9 P> G «i ~d;> G a p. (8.22) 
We can ^-invert G P7 and get the unique result 

K/3 = \{ d > G Pi + d P t> G «7 " dj > Gap) * G 1 ' 7 *. (8.23) 

By a direct calculation we can convince ourselves that T^a has the right transforma- 
tion property (|7.14f) if G a p and G 7fJ * transform like tensors. All we have used is the 
symmetry of G^ and its tensor properties. 
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9 Curvature, Ricci tensor and curvature scalar 



To define the curvature tensor we follow the standard procedure. We compute the com- 
mutator of two covariant derivatives acting on a vector field. The covariant derivative 
of a vector field was defined in (|7.13|) 

D p V u = d;»V u -T« u *V a . (9.1) 

In (|8.23|) we have found a connection T® u symmetric in [i and v that can be expressed 
entirely in terms of the metric. From (|7.16j) follows the curvature tensor, because the 
torsion vanishes for symmetric V^ v . 

[D p *D u ]>V p = R pvp (7 *V a . (9.2) 

Then the curvature tensor in terms of the Christoffel symbols is given by (|7.17|) : 

iV/ = K > r^ p - o; > vi p + v% * - r£ p * r^. (9.3) 

The curvature tensor is antisymmetric in the indices fj, and v. That the curvature 
tensor R pvp a transform like a tensor if has the transformation property Q7.14JI 
can be checked explicitly. Finally, we express the Christoffel symbols in terms of the 
metric and we obtain the desired form of the curvature tensor in terms of the metric. 
Its tensor properties then follow from the tensor property of G pv . 
From the curvature tensor we obtain the Ricci tensor 



Rfiv — Rfiav ■ (9'4) 

A summation over the third index would not vanish as in the undeformed case, but it 
would not reproduce the Ricci tensor in the limit 6 — > either. The curvature scalar 
can be defined by contracting the two indices of the Ricci tensor with G^* 

R = G fxu **R up . (9.5) 

By construction, R transforms as a scalar 

5{R= -Xl>R = -^(d p R). (9.6) 

It will however not be real, as can be seen from (|2.3j) . For the Lagrangian to be 
constructed in the following, we will just add the complex conjugate. 

To obtain a covariant action from a scalar that transforms like (|9.6|) we have to 
find a measure E that transforms as 



5^E = -(d^E)) = ~{d p e)E - e(d,E). (9.7) 
This has to be mapped to Aq 

S^E* = -XI > E* — > E*. (9.8) 
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Such an object we call a scalar ^-density. 

Using the co-multiplication rule (|5.17|) we can then verify that 

5z(E**R) = -(d^)(E**R)-^(dt 1 (E**R)) 

= -d^(E**R)), (9.9) 

or in the language of Ag 

<%(£* *R) = -d* > (x^ > (E* * R)) . (9.10) 



The action 



will be invariant 



S 



J d n xE**R (9.11) 



5 J / d n x E* * R = 0. (9.12) 



In Af the square root of the determinant of the metric will have the transformation 
properties of a scalar density. It is however complicated to map the concept of a square 
root to Aq. It is easier to express the metric in terms of the vierbein as we have done 
in (|8,4j) and then define the ^-determinant. 

The ^-determinant can be defined as 

E* = det+E* = Le^-^ea^E^ *...*E^. (9.13) 

Here we have assumed that our space is four dimensional. The generalization to n 
dimensions is obvious. 

With this definition E* has the right properties of a scalar ^-density. To verify 
this we have to use the transformation properties of covariant vector fields and the 
comultiplication rule (|5.17|) . This reproduces (|9.8|) . From the definition also follows 
that E* is real if the vierbeins are real. 

An invariant action on Aq will be 

5 BH = i J d 4 x (E**R+ c.c.) . (9.14) 

Using the reality of E* and using property (|6.16|) of the integral we obtain for the 
action (|9.14|) 

S EH = ^J d 4 x E**(R + R) = ^ J d 4 x E*{R + R). (9.15) 

This is the Einstein-Hilbert action on the ^-deformed coordinate space. The field 
equations can be obtained from this action in analogy to 1)6.1 7|) by moving the field 
to be varied to the left (or the right) and then varying it, or we could expand the 
★-products in ()9.15j) and vary the field e^. 
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10 Expansion in 6 



To get a better insight into the developed formalism it is useful to study a ^-expansion. 
Already for the gauge theories we used such an expansion for the action and considered 
9 as coupling constant. Let us therefore list the ^-expansions of all relevant quantities. 
In zeroth order we obtain the classical expressions. We denote them with the index 
(0). 

The basic quantity is the vierbein 



e° = e ; (io.i) 



to all orders in 9. 

For the metric we obtain 



Gfiu - 2 { E i? * E u + E u a * E f) Vab, 

G$ = e/e/iM = 9^ (10.2) 

and up to second order 

GV = 9nv - ^e^e^id^d^epid^e^ab + .... (10.3) 

There is no contribution in the first order of 9. The reason is that 9 enters through 
the ^-product only. By definition G^ v is real but the first order in the ^-product of 
two real functions is purely imaginary. Therefore the first order has to vanish and the 
same will be true for all odd orders in 9. 
For G^ u * we obtain 

GT* = gT - \0^{d a g^){d p g l5 )g 5v 



+ V ft # a2/32 {{d ai d a2 g^)(d^ 2 g^) + <T '(d ai d aa e^ a )(d Pl dp 2 e v b ) Vab 

-2d ai {{d a2 g^){dp 2 g lS )g 5 *) (dp l9ev )\ g*>" . (10.4) 



As constructed, G^ v * is neither symmetric nor real. There is no reason for the term 
of first order in 9 to drop out. The same is true for the Christoffel symbol and the 
curvature tensor. For the Christoffel symbol we get the following expressions up to 
second order in 9: The zeroths order reads 

= \{d»g vl + d v9iX1 - d l9lxv )gi<>, (10.5) 

the first order 

r (i)p = l -9^(d a T^)g aT {d p g^) (10.6) 
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and the second order 

= = - (id ai d aa r%){df h d fh! r'>) - 2(d ai r%)d fll {{d aa! r){df h g T t) s p>) 

- ^((dcuda^ttdfrdfrgrt) +g ar {d ai d a2 e T a ){dp 1 dp 2 e^)i lab 

- 2d ai ((d a2 g^)(dp 2 g TX )g XK )(d M< ))g^ + \(d fl {{d ai d a2 e u a ){d Pl dp 2 e a b )) 

+ d v {{d ai d a2 e a a ){d^dp 2 e^)) - d a ((d ai d a2 e;)(d Pl dp 2 e v b )))r lab g^ , (10.7) 

where 

rg, = r^ 9pa . (10.8) 

For the curvature tensor we also list the first and second order individually. The zeroth 
order is just the classical tensor expressed in the metric or the vierbein 

-T^{d mi )g^ + d^gfrW) + (d x T^: 
+(d K r^)(r^(d x g T ,)g^ - T^(d x g^ 



+d v {{d mi )g^) + {d x V^))\ (10.9) 

d(2) a = o r (2)a , r (2) 7r (0)<7 , r (0) 7r (2)a 

+^((fl«rS 7 )(5 /9 rW ,r ) + {d a T^p){d p v^)) 

-\^^{d ai d a ^p){d^Y^) - ( M ~ v). (10.10) 

From the curvature tensor we obtain the Ricci tensor and the curvature scalar as 
outlined in the previous section. 
The curvature scalar is given by 

R = R(°) + R.0-) + i?( 2 ) , (10.11) 
where R^ is the classical curvature scalar and 

= +^ KA ((^)(9A<V^((9 K <2/)(a A5r7 )^ 

-(d K r^)(T^(d x g TJ )g^ - T$°{d x g fh )gr r + d,{{d x g Pl )g^) 
+ (d x T { ^)) + {d K T^)(T^(d x g T1 )g^ - T u ^{d x g M )g^ 

+d a {{d m ,W a ) + {d x V^)))\ (10.12) 

+ l -9 a P(d a g^)(dpR$) ~ \e a ^e a ^{d ai d a2 gn(d Pl dp 2 R^). (10.13) 
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For the action we still need the scalar ^-density E* 



E* = det(e *) - llfiftrft^-w^^ 
8 4! 

+ d ai d a2 (e Ml ai e M2 a2 ) (dfr dfs 2 e m a3 )e 



+ d ai d a2 (e w ai e M2 a2 e M3 <* ) ^ e M4 a4 ) ) 



(10.14) 



The Einstein-Hilbert action was defined in (|9. 14j) . It is real by definition. Since 8 
enters only via the ^-product we expect that all terms corresponding to odd orders in 
6 vanish. Up to second order we therefore get 



In this action the even order expansion terms in 6 do not vanish. Equation ()10.14j) 
allows us to study the deviation from gravity theory on a differential manifold. 
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